Two-dimensional overstable convection in a rotating layer is studied for large Taylor numbers. In this regime, the leading order nonlinearity arises from the distortion of the horizontally averaged temperature profile. Fully nonlinear solutions in the form of traveling and standing waves are obtained via an asymptotic expansion in the Taylor number. The formulation leads to a nonlinear eigenvalue problem for the vertical structure and frequency of each solution type and allows the computation of the Nusselt number and frequency as functions of the applied Rayleigh number.
I. INTRODUCTION
The influence of rotation on convection continues to be a subject of much interest. The early work in this area, primarily linear theory, is summarized by Chandrasekhar. 1 More recently, substantial effort has been devoted to the study of nonlinear effects, partly motivated by the presence of the Küppers-Lortz instability 2 and partly by the need to understand properties of high Rayleigh number convection in rotating systems. [3] [4] [5] [6] [7] Another aspect of rotating convection, namely the possibility of overstability, has received less attention. Weakly nonlinear studies of the overstable regime have been reported by Knobloch and Silber 8 and Clune and Knobloch, 9 but no fully nonlinear solutions of the type found for steady convection by Bassom and Zhang 10 have been obtained. In the present paper, we generalize the high Taylor number expansion used in Ref. 10 to two-dimensional overstable convection in the form of both traveling and standing waves. This generalization is nontrivial and involves the solution, for each Rayleigh number, of a nonlinear eigenvalue problem for the vertical structure of the wave together with its frequency. This formulation is possible because of some special properties of the governing equations in the high Taylor number regime, and does not readily generalize to other problems of this type. In particular, it is the distortion of the horizontally averaged temperature profile that provides the dominant nonlinear mechanism for the saturation of the instability.
We consider two-dimensional Boussinesq convection in an unbounded horizontal layer rotating uniformly about a vertical axis for Prandtl numbers sufficiently small to allow overstability. 1 We present detailed solutions of the nonlinear eigenvalue problems governing the properties of traveling and standing waves in the high Taylor number regime. We focus, in particular, on the evolution of the mean temperature profiles with the applied Rayleigh number, and compute both the Nusselt numbers and nonlinear frequencies for both types of states.
The nondimensional equations take the form 11 1 ٌ͓ 2 t ϩJ͑,ٌ 2 ͔͒ϭR x ϪTv z ϩٌ 4 , ͑1͒
Here, and R are, respectively, the Prandtl and Rayleigh numbers, while T is the square root of the Taylor number: Tϭ2⍀h 2 /, where ⍀ is the rotation rate, the kinematic viscosity, and h the layer depth. The velocity field can be reconstructed from the streamfunction :uϭ(Ϫ z ,, x ); is the temperature. The symbol J is defined by J( f ,g) ϭ f x DgϪg x D f ; here and hereafter, Dϵ‫ץ‬ z . These equations are supplemented with periodic boundary conditions in the horizontal, and either stress-free or rigid, perfectly conducting boundary conditions at the top and bottom: stress-free: ϭD 2 ϭDvϭ0 on zϭ0,1, ͑4͒
rigid: ϭDϭvϭ0 on zϭ0,1, ͑5͒
conducting: ϭ1 on zϭ0, ϭ0 on zϭ1. ͑6͒
The stability properties of the conduction state ϭvϭ0, ϭ1Ϫz, ͑7͒
are summarized in Ref.
1. In the stress-free case, the conduction state loses stability to overstable oscillations ͑Hopf bifurcation͒ at
The corresponding oscillation frequency is given by
Note that for large T, the horizontal wave number minimizing R 
where k Ќ now denotes the scaled horizontal wave number. In particular, R (o) is minimized by
and, thus,
For comparison, the onset of steady convection occurs at
, R c
.
͑15͒
The neutral stability curves ͑10, 14͒ are drawn in Fig. 1 . Oscillatory convection sets in first for Ͻ* Ϸ 0.676 605. 1, 9 An examination of the rigid case in the limit of large rotation rates 9 shows that the above scalings hold at leading order in this case also. Indeed, the stress-free and rigid results become essentially indistinguishable in this limit as the boundary layers at the top and bottom required in the rigid case become thinner and thinner. In particular, Ͻ* is required for overstability in the rigid case as well.
The weakly nonlinear development of this instability was studied in the stress-free case by Knobloch and Silber 8 and in the rigid case by Clune and Knobloch. 9 With periodic boundary conditions in the horizontal, one looks for solutions in the form
corresponding to a ͑non͒linear superposition of left-and right-traveling waves. Abstract theory shows that the complex amplitudes A(t) and B(t) satisfy the equations
is the bifurcation parameter and ϰ is the change in the linear frequency due to . The form of these equations is independent of the boundary conditions at the top and bottom; in particular, these need not be identical.
Because of invariance under translations and phase shifts in time, the phases of the two amplitudes A,B decouple from the equations for the amplitudes ͉A͉,͉B͉:
Here, the subscript r denotes the real part. Generically, these equations have two nontrivial solutions, traveling waves (͉A͉,͉B͉)ϭ(r,0) or (0,r), and standing waves (͉A͉,͉B͉) ϭ(r,r). The stability properties of these solutions are summarized in the (a r ,b r ) plane in Fig. 2 . Both traveling waves ͑TW͒ and standing waves ͑SW͒ bifurcate simultaneously; stable solutions are present only if both branches bifurcate supercritically and the stable solution is the one with the largest Nusselt number (ϰ͉A͉ 2 ϩ͉B͉ 2 ). The coefficients a r ,b r have been calculated for both stress-free and rigid boundary conditions 8, 9, 12 as a function of and T. These calculations indicate that the TW solutions are accompanied, at second order in their amplitude, by nonzero horizontal mean flows. If distant sidewalls are present, these flows are presumably suppressed; the suppression of the mean flow changes the values of the coefficients a r ,b r . However, this effect is asymptotically small at high Taylor numbers where the associated mean flows are negligible. In any event, the results of Refs. 8 and 9 show that for 0ϽϽ* TW and SW both bifurcate supercritically at R c (0) , but that either can be stable, depending on parameters.
Analysis of the codimension-two bifurcation that arises when ⍀ 0 ϭ0 ͑the so-called Takens-Bogdanov bifurcation; see Fig. 1͒ allows one to draw general conclusions about the manner in which these solutions can give way to steady convection ͑SS͒ with increasing Rayleigh number. The analysis 13 shows that the TW can terminate on the SS branch, and that this transition manifests itself by the vanish- ing of their ͑nonlinear͒ frequency ⍀. In particular, ⍀ approaches zero as the square root of the distance from the termination point. This type of bifurcation is called a paritybreaking bifurcation of the SS solution. Mathematically, it is a bifurcation from a circle of equilibria and is a consequence of the periodic boundary conditions. In contrast, when the SS bifurcate supercritically ͑as is the case for large Taylor numbers͒, the SW can terminate on the SS branch only in a secondary Hopf bifurcation.
Although the codimension-two point is shielded in an unbounded layer by bifurcations with different wave numbers that precede it ͑cf. Fig. 1͒ , these predictions of the weakly nonlinear theory are expected to hold even for fully nonlinear convection. In particular, if the TW frequency remains bounded away from zero, the TW branch exists globally. Moreover, if the TW branch is stable at onset it can lose stability only at a secondary saddle-node bifurcation, or at a secondary Hopf bifurcation. If the amplitude increases monotonically with R, no saddle-node bifurcations are present. The Hopf bifurcation will result in a modulated ͑two-frequency͒ wave, which may terminate on the SW branch as discussed in the small amplitude limit by Knobloch. 14 This bifurcation cannot be determined without a stability calculation. Additional wavelength changing instabilities are also possible, but require the use of periodic boundary conditions based on multiple wavelengths of the basic state. The analysis is similar for SW. If the SW branch is monotonic, no secondary saddle-node bifurcations are present. The SW can undergo a secondary parity-breaking bifurcation producing a drifting standing wave ͑i.e., a twofrequency wave͒ or secondary Hopf bifurcation producing either two-frequency standing waves or three-frequency standing waves that drift back and forth, cf. Ref. 15 . In addition, wavelength changing instabilities are possible. Again, these instabilities cannot be determined without a stability calculation.
In the following we derive, using asymptotic methods for large Taylor numbers, fully nonlinear equations for the amplitude of traveling and standing waves as a function of the Rayleigh number. These equations take the form of nonlinear eigenvalue problems for the vertical structure of these states, and yield, in addition to the amplitude, their nonlinear frequencies ⍀.
II. ASYMPTOTIC ANALYSIS
As explained above, the linear theory, cf. Ref. 8 , suggests the scaling
, ͑21͒
with and both O(1). These scalings are chosen so that in the large Taylor number limit the horizontal scale and frequency of the instability are of order 1 in the new variables.
Note that, as a result of the scaling chosen, the velocity u will be highly anisotropic in the horizontal. Thus, ͑x,z,t͒ϭ 0 ͑ ,z, ͒ϩT
͑x,z,t ͒ϭ 0 ͑ ,z, ͒ϩT
Standard asymptotic methods now lead to the following conclusions: at O(T ), respectively. Using the results ͑28͒ and ͑29͒, Eq. ͑27͒ can be rewritten in the form
Similarly, we can write
Thus, from Eq. ͑28͒,
and, from Eq. ͑29͒,
It remains to obtain an equation for the mean temperature gradient D 0 . This follows from the solvability condition for the horizontal average of the equation where K is a constant, or equivalently,
͑39͒
Since ͐ 0 1 DdzϭϪ1 we have,
Note that, as expected, D 0 (z) is a real quantity. The above expressions allow us to determine D 0 (z) in terms of A(z) and B(z) and hence to close the problem. In particular, it is not necessary to calculate 1 . Consequently, mean flow effects such as might be described by 1 (z) do not enter into the analysis that follows, i.e., in the limit of large Taylor numbers, the mean flow associated with a traveling wave is negligible, even for fully nonlinear TW, as argued already by Clune and Knobloch.
9 From Eq. ͑30͒ we now obtain the two equations
and 
These are two coupled second-order equations for A(z) and B(z). The fact that the nonlinearity is in the form

͑45͒
It follows that the constant K appearing in Eqs. ͑41͒ and ͑42͒
is nothing but the time-averaged Nusselt number ͗N͘. In particular, ͗N͘ is independent of z. For small amplitude convection, we now have
or, using Eqs. ͑19͒, ͑20͒ and ͑43͒,
independent of the nature of the solution, i.e., of the value of c. Note, however, that for traveling waves (cϭ0) the instantaneous heat flux N(z,)ϭK, and so, is independent of both and z, while for all other solutions (0Ͻ͉c͉р1) N(z,), 0ϽzϽ1, oscillates about K with the frequency 2⍀, and thus, depends on both and z. In particular, this is so for standing waves (͉c͉ϭ1). The fact that the Nusselt number N(z,) is a constant for traveling waves follows from translation invariance. 16 In fact, the degeneracy among the solutions exists for all Rayleigh numbers, and is a consequence of the fact that in the rapid rotation limit the leading nonlinearity is provided by the horizontally averaged temperature profile. Indeed, with
͑48͒
Eqs. ͑41͒ and ͑42͒ collapse into a single equation
KCϭ0. ͑49͒
This equation is to be solved subject to the boundary conditions
imposing impermeability of the boundaries. These boundary conditions thus correspond to the stress-free case. However, as already discussed, the effect of boundary layers required in the rigid case can be shown to be negligible in the high Taylor number limit. Thus, both sets of boundary conditions give rise to the same nonlinear eigenvalue problem. We solve this problem on a discretized one-dimensional mesh using an iterative Newton-Raphson-Kantorovich scheme 17, 18 with O(10
Ϫ10
) accuracy in the L 2 norm of C(z) and the corresponding eigenvalues. The solution determines K and ⍀ for a two-parameter family of solutions depending on the complex parameter c, whose vertical profile is given in terms of the eigenfunction C(z) by Eq. ͑48͒. Note that in the limit ⍀→0, this problem reduces to the equation derived by Bassom and Zhang 10 for steady convection ͑SS͒. In this limit, the Prandtl number drops out and the branch of steady convection is always supercritical. At fixed R , the wave number k Ќ ϭk TB defined by ⍀ 0 ϭ0, provides an upper limit on the wave numbers for which oscillations ͑linear and nonlinear͒ are present ͑see Fig. 1͒ . For kуk TB , the only nonlinear solutions are the steady states.
Plots of the resulting K(R ;k c (o) ) and ⍀(R ;k c (o) ) for various shown in Fig. 3 . For comparison, K(R ;k c (s) ) for the steady state is also shown. For sufficiently small Prandtl numbers, the oscillatory solutions that are the first to set in, transport heat more efficiently than steady convection at its critical wave number. For larger , this is no longer so. Bogdanov wave number at which oscillations cease. The curve illustrates the degeneration of the ͑nonlinear͒ oscillatory solutions into the corresponding steady solution as k Ќ →k TB .
In Fig. 4 , we show ͉C(z)͉ and the corresponding mean temperature 0 for several values of RуR c (o) . The nonlinear interaction between 0 and the oscillatory motion is responsible for the O(1) adjustments in 0 , which result in the development of thermal boundary layers with increasing R. Recent numerical simulations and laboratory experiments of rapidly rotating turbulent convection 3, 7 have found, at large Rayleigh numbers, sustained unstable thermal stratification (D 0 Ͻ0) in the interior of the layer. This profile is set up as a result of boundary layer instabilities leading to plume formation and subsequent lateral mixing due to mutual plume interactions. The organized cellular structure in the present problem necessarily omits this particular aspect and an asymptotically isothermal interior is obtained instead ͑Fig. 5͒.
Despite the presence of a two-parameter family of solutions, we shall continue to be guided by the weakly nonlinear theory and focus on solutions in the form of traveling waves and standing waves, characterized by cϭ0 and ͉c͉ϭ1, respectively. Since the solution profile C(z) is complex, the boundary between adjacent cells will be bowed, much as for traveling waves in binary fluid convection with realistic boundary conditions. 19 We illustrate such a solution in Fig. 6 for R ϭ50 and ϭ0.4. By the same token, the SW oscillations take a more complex form than one expects from stress-free boundaries, although the cell boundaries are vertical. In Fig. 7 , we show four equally spaced snapshots of such an oscillation within half an oscillation period. Notice that because of the nonlinearity, the solution behaves much like the linear SW eigenfunction in binary fluid convection with realistic boundary conditions 19 or the corresponding weakly nonlinear solution. 20 In particular, there is no instant in time at which the fluid is wholly at rest. In Fig. 8 we see that the kinetic energy is strictly positive at all times. Figure 8 shows that both maxima and minima in E() increase rapidly with the applied Rayleigh number, although the frequency ⍀ hardly varies ͑cf. Fig. 3͒ .
The results of the linear stability problem ͑10͒ and ͑11͒ can, of course, be recovered by neglecting all nonlinear terms in Eq. ͑49͒, while for small amplitudes one obtains the nonlinear eigenvalue problem
͑52͒
a problem closely related to those recently investigated by Büchel et al. 21 and Tobias et al.
22
III. DISCUSSION AND CONCLUSION
So far, we have not discussed the stability properties of our solutions. This is because the correct computation of the necessary eigenvalues requires three distinct time-scales. Apart from the O(T 2/3 ) frequency, the eigenvalue describing the stability of the solutions with respect to amplitude perturbations is O(1), while that describing selection between TW and SW is O(T Ϫ2/3 ), as can be seen from Eq. ͑43͒. Such an analysis is beyond the scope of this paper. Note, however, that the results of Knobloch and Silber 8 show that as T→ϱ, TW are preferred over SW for all 0ϽϽ*, at least in weakly nonlinear theory. Since there are no saddle-node bifurcations on the TW branch, the TW will remain stable at larger amplitudes unless they lose stability at a secondary Hopf bifurcation to modulated traveling waves ͑MTW͒. That this is a possibility can be seen from the analysis of the degeneracy a r ϭb r in Ref. 14 and the analysis of the Takens-Bogdanov bifurcation in Ref. 8 . Even in weakly nonlinear theory, the stability of the MTW requires a seventh-order calculation.
14 However, despite this possibility, we know that the TW branch itself must exist for all R ͑provided k (o) ϽkϽk TB ͒ since its frequency ⍀ remains bounded away from zero.
It is easy to see that the amplitude eigenvalue is O(1) by generalizing the asymptotic analysis used by Bassom and Zhang 10 for steady convection to include time dependence. In this case, with the time unscaled, one obtains the pair of equations 0t ϭD͓͑1ϩ2͉A͉
These equations have the form of a nonlinear diffusion equation and reduce to the Bassom and Zhang equation in the time-independent case. Although these equations can be used to study the stability of steady convection with respect to amplitude perturbations, we do not expect to find any secondary steady-state bifurcations in the time-dependent problem because the convective amplitude increases monotonically with R . Moreover, it is easy to show that Eqs. ͑53͒ and ͑54͒ have only steady solutions as t→ϱ. Thus, no secondary Hopf bifurcations of the type present in nonrotating Rayleigh-Bénard convection 23 are possible. In particular, it follows that the SW branch ͑like the TW branch͒ cannot terminate on the SS branch for any Rayleigh number. However, the determination of parity-breaking bifurcations such as might lead to traveling waves requires the computation of the eigenvalue in the phase direction, and this requires the consideration of a slower time-scale.
We can generalize the discussion of this paper in one additional way. As in other pattern-forming systems, we may look for equations describing spatial modulation of both TW and SW. This modulation occurs on the O(1) scale in the original variable x. A multiple scale analysis, treating x as a slow spatial variable again leads to Eq. ͑30͒, but with the amplitudes A and B now functions of both z and x. This dependence enters Eq. ͑30͒ through 0 (x,z), which now obeys the equation
A noteworthy property of the fully nonlinear results obtained here is that they are characterized, at leading order, by a single horizontal wave number. This remarkable aspect of the two-dimensional problem does not generalize to three dimensions. However, it provides a rare instance in which the planform approach of Gough and co-workers [24] [25] [26] to fully nonlinear convection becomes exact.
